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Abstract 

We continue the study of the distribution of closed geodesies on nil- 
manifolds V\N, constructed from a simply connected 2-step nilpotent Lie 
group N with a left invariant metric and a lattice T in N. We consider a 
Lie group N with associated 2-step nilpotent Lie algebra 9t constructed 
from an irreducible representation of a compact semisimple Lie algebra 
go on a real finite dimensional vector space U. We determine sufficient 
conditions on the semisimple Lie algebra go for T\N to have the density 
of closed geodesies property where T is a lattice arising from a Chevalley 
rational structure on Ot. 



1 Introduction 

In this paper we continue the study of the distribution of closed geodesies on 
compact 2-step nilmanifolds. This study was begun by Eberlein [BJ, Mast [15] 
and Lee-Park [16] and continued more recently by DeMeyer [5]. 

The objects we study are analogous to tori. Considering the torus as T n = 
R ra /Z ra , the smoothly closed geodesies on T n are easily described as projections 
of those straight lines in W 1 that pass through points of the lattice Z n . It is 
straightforward to see that these closed geodesies are dense in all the geodesies 
on T n . In general, a compact manifold is said to have the density of closed 
geodesies property (DCG) if the vectors tangent to the unit speed geodesies are 
dense in the unit tangent bundle. We consider nilmanifolds T\N constructed 
from a 2-step nilpotent Lie group N with a lattice T. Our method of proving 
the DCG for manifolds T\N depends on showing the density of curves passing 
through lattice points. We construct N from an irreducible representation of a 



compact semisimple Lie algebra go on a real finite dimensional vector space U. 
The left invariant metric on N induces a metric on T\N. 

Lee and Park have shown that if T\N satisfies a nonsingularity condition 
and a resonance condition then the density of closed geodesies property will 
always hold. DeMeyer hrst investigated whether the nonsingularity condition 
was necessary in the case where 90 = su(2). She considered the irreducible, 
real representations of su(2) on an odd dimensional space. We investigate a 
general case 01 = U © go where the nonsingularity condition does not hold for 
a compact semisimple Lie algebra go and some go— module U. We determine 
sufficient conditions on the associated semisimple Lie algebra go f° r T\iV to 
have the density of closed geodesies property for T determined by a compact 
Chevalley basis of go- We expand upon previous results in the following main 
theorem, where the go— module U is defined to be admissible if the roots of 
g = go are weights of V = U c that satisfy a certain multiplicity condition as 
discussed in Section [3771 We show that almost all go— modules U are admissible 
and we obtain many new nilmanifolds that satisfy the DCG property. 

Theorem 1.1 (Main Result). Let U be an admissible go — module for a compact 
semisimple Lie algebra go. Let 01 = U © go be the metric 2-step nilpotent Lie 
algebra defined in Section [75] and let N be the corresponding simply connected, 
metric 2-step nilpotent Lie group. Let (3 be a rational basis of 01 determined by 
a Chevalley basis of Q = Qq. Then T\N satisfies DCG for every lattice L in N 
determined by [3. 

1.1 Definitions and History 

Let 01 be a Lie algebra. In our examination of 2-step nilpotent Lie algebras 
we are considering those nonabelian Lie algebras which are almost abelian; i.e. 
[01, 01] C 3, the center. We call a simply connected Lie group N 2-step nilpotent 
if its associated Lie algebra 01 is 2-step nilpotent. Denote by exp : 01 — » N the 
Lie group exponential map with inverse log : N — > 01. It is known that the map 
exp : 01 — » N is a diffeomorphism (cf. |21j). 

We define a 2-step nilpotent Lie algebra 01 to be of type (p, q) if dim[01, 01] = 
p and codim[01, 01] = q. Every 2-step nilpotent Lie algebra is isomorphic to 
one of the following metric examples. Let 2JJ be a p— dimensional subspace of 
so(q, R), the q x q real symmetric matrices, and let 01 = M. q © 20. We endow 01 
with the left invariant metric such that M. q and 20 are orthogonal, K 9 has the 
standard inner product and (Zi, Z2) = — tracc(ZiZ2) for all Z\, Z2 G 20. Then 
the bracket relations on 01 are defined by letting 2JJ be contained in the center 
of 01, [W,W] C 2U and by requiring that ([X,Y], Z) = (Z(X),Y) for all X, Y 
in K 9 . Interesting cases arise when 20 is a subalgebra of so(q,M) or a Lie triple 
system: [20, [20, 20]] C 20. We focus on the former letting 20 = go a compact, 
semisimple Lie algebra with go— module U with inner product ( , } for which 
the elements of go are skew symmetric. 



2 



1.2 Lattices and Rational Structures 



Let N be a simply connected 2-stcp nilpotent Lie group with a left invariant 
metric. A discrete subgroup r of N is a lattice in N if T\N admits a finite 
invariant measure. Equivalently by 21, Theorem 2.1], a discrete subgroup T 
of a simply connected nilpotent Lie group N is a lattice if and only if T\N is 
compact. 

Not every Lie algebra admits a lattice; see [H] section 2.14 for the construc- 
tion of an example. Mal'cev described a criterion on the associated Lie algebra 
for a Lie group N to admit a lattice. 

Theorem 1.2. |77| / Let N be a simply connected, nilpotent Lie group, and let 
01 be its Lie algebra. Then N admits a lattice T if and only if 91 admits a basis 
(3 = {Xi, . . . , X n } such that 

n 

[Xi,Xj] = }^ Cf°jX k 

k=l 

for all i,j where the constants are all rational. 

The set {C^} is called the set of structure constants of the basis (3. The 
basis [3 is called a rational basis if the structure constants are all rational. In 
this case we say that 01q = Q — span{/?} is a rational structure for 01. We define 
a vector X to be rational if X G Q — span(/3) where (3 is a rational basis. A 
subspace 2U C 01 is rational if 20 has a basis of rational vectors. If a subalgebra 
2U is rational as a subspace, then we say that the group W = exp(2U) is a 
rational subgroup of N . 

The following results establish the relationship between lattices in a Lie 
group N and rational structures for the associated Lie algebra 01. 

Theorem 1.3. JSJ' Let N be a nilpotent Lie group with Lie algebra 01. 

1. If N admits a lattice T, then 01q = Q — span{ log T} is a rational structure 
for 01. 

2. If [3 is a basis for 01 with rational structure constants, then the group T 
in N generated by exp(Z — span([3)) is a lattice in N. Moreover, Q — 
span{logT} = Q — span{[3). 

Proposition 1.4. [6, Proposition 5.3], Let Z be the center of N and let T be 

a lattice in N . Let the map log : N — > 01 denote the inverse of the exponential 
map exp : 01 — > N. Then T fl Z is a lattice subgroup in Z and (logT) n"5 is a 
vector lattice in 3- 

Recall that a Lie subgroup H of TV is rational if its Lie algebra t) is a rational 
subalgebra of 01. 

Proposition 1.5. Theorem 5.1.11] Let Y be a lattice in N . A subgroup H 
of N is rational with respect to 01q = Q — span{ log L} if and only if H ClT is a 
lattice in H . 
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Example 1.6 (Chevalley Rational Structure). As above we define a metric, 
2-step nilpotent Lie algebra 01 = U ffigo, where go * s o, compact, semisimple Lie 
algebra and U is a finite dimensional real Qq — module. A Chevalley basis C for 

= So defines a compact Chevalley basis Go for go- A result of Raghunathan [20] 
states that U admits a basis 23 such that Co leaves invariant Q — span(T>). If the 
go — invariant inner product is chosen suitably on 01, then 9Tq = Q— span{23UCo} 
is a rational structure on 01 that we call a Chevalley rational structure. 

The following concept is used in the proof of our main result. We say that 
two lattices Ti and T 2 are commensurable if I\ nr 2 has a finite index in Ti and 

r 2 . 

Remark 1.7. By Theorem 5.4-2 of J3j], for any lattice T there exist lattices T\ 
and L 2 commensurable with T such that logTi and logT 2 are vector lattices in 

01 and Ti C r C r 2 . Hence if r > is sufficiently large, then any ball in 01 of 
radius r intersects logT. 

1.3 Density of Closed Geodesies 

Let 01 be a metric 2-step nilpotent Lie algebra and write 01 = 93 © 3, where 3 
is the center of 01 and 93 = 3^- For every nonzero element Z £ 3, we define a 
skew symmetric linear transformation j : SO — > 93 which satisfies 

([X,Y],Z) = (j(Z)X,Y) 

for all X, Y in 93. 

For the following, fix an inner product ( , ) on 01. 

Definition 1.8. The Lie algebra {01, ( , )} is nonsingular ifj(Z) is a nonsingu- 
lar map for all nonzero Z £ 3- The Lie algebra {01, ( , )} is almost nonsingular 
if j(Z) is nonsingular for all Z in some open dense subset of}>. Lastly, {01, ( , }} 
is singular if j(Z) has a nonzero kernel for all Z G 3- 

The condition of 01 being almost nonsingular is equivalent to j(Z) being 
nonsingular for some Z £ 3 (cf. |16j). Nonsingularity and almost nonsingularity 
are conditions independent of the metric. For example, the Lie algebra {01, ( , }} 
is nonsingular if and only if &d(X) : 01 — > 3 is surjective for every X £ 01 — 3- 
This and the observation above from [T^ lead to the following result. 

Proposition 1.9. Every 2-step nilpotent Lie algebra is either nonsingular, 
almost nonsingular, or singular. 

Geodesies Let N be a metric 2-step nilpotent Lie group with associated Lie 
algebra 01 = 03 ©3- To describe the geodesies of N, it suffices to consider those 
geodesies that begin at the identity of TV since N has a left invariant metric. 
Let j(t) be a curve in N with 7(0) = e and 7'(0) = X + Z £ 01 for some 
Xq £ 93 and Z Q £ 3. Then we write j{t) = exp(X(t) + Z(t)) with X{t) £ 93 
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and Z(t) G 3 for all t and X'(0) = X , Z'(0) = Z . The functions X(t), Z(t) 
are unique since exp : 01 — » N is a diffcomorphism. 

A. Kaplan [T5] shows that a curve 7(f) is a geodesic in TV if and only if the 
following equations are satisfied: 

1. X"(t)=j(Z )X'(t), 

2. Z'(t) + ±[X'(t),X(t)] = Z a for all t G K. 

Definition 1.10. A compact Riemannian manifold M is said to satisfy the 
density of closed geodesies property (DCG property) if the vectors tangent to 
unit speed geodesies are dense in the unit tangent bundle of M. 

For 01 = 23 ffi 3, if Z is a nonzero element of 3, then the map j(Z) : 23 — > 23 
is defined as above for X, 1" G 23. Since j(^) is a skew symmetric map, its 
eigenvalues are purely imaginary. Thus the ratio of any two eigenvalues is real. 

Definition 1.11. We say that the map j(Z) is in resonance if the ratio of any 
two nonzero eigenvalues of j(Z) is a rational real number. 

Eberlein [6] describes another characterization of resonance in the following 
result. 

Lemma 1.12. fij Lemma 4-23], Let Z be any nonzero element of}). Then 
j(Z) is in resonance if and only if e u ^ z ' is the identity on 23 for some u > 
where e is the matrix exponential map. 

As seen in Theorem 11.151 below, Mast [18] has shown that the density of 
resonant vectors in 3 is necessary for a manifold 01 = 23 ffi 3 to have the DCG 
property. 

We show in Proposition 13.141 that for 01 = U ffi go as above, 20 has a dense 
set of resonant vectors. It is not difficult to construct examples of nonresonant 
behavior; see for example, Eberlein [6l example 5.8]. 

Definition 1.13. Let <j> be an arbitrary element of N. We say that <f> translates 
a unit speed geodesic j(t) in N by an amount lo if <fi ■ j(t) = ^(t + u>) for all 
t e R. 

To prove that a curve ^(t) in N projects to a closed geodesic in T\N, it 
suffices to show that there exists an element of the lattice, 4> S V, such that <\> 
translates j(t) in N. Thus, to establish the density of closed geodesies property 
in T\N, it suffices to show that N contains a dense set of geodesies that are 
translated by elements of the lattice T. We relate the property of resonance to 
the translation of geodesies through the following result of Eberlein. 

Proposition 1.14. [6, Proposition 4-3] Let 7(f) be a unit speed geodesic with 
7(0) = e and j'(0) = X Q + Z Q G 01 = 2J ffi 3, where Xq G 21 and Z Q G 3- Then 
the following are equivalent for a positive number tu. 

1. e^^Xo = X . 

2. 7(w) • 7(i) = 7(t + uj) for all t G K. 
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1.4 Previous results 

We include a brief summary of previous results. All proofs are omitted, but can 
be found in the original publications as indicated. 

Eberlein [5J Proposition 5.6] first proved that for any 2-step nilpotent Lie 
group N of Heisenberg type F\N has the DCG property for any lattice T C N. 
Then for N with a 1-dimensional center, Eberlein found necessary and sufficient 
conditions for the DCG property to hold. Lie algebras of Heisenberg type and 
Lie algebras with a one-dimensional center are nonsingular Lie algebras. The 
following result of Mast concerning the nonsingular case is a generalization of 
the previous results of Eberlein. 

Theorem 1.15. I7#J / Let N be a nonsingular, simply connected, 2-step nilpotent 
Lie group with a left invariant metric. 

1. LfT\N has the density of closed geodesies property for some lattice T then 
j(Z) is in resonance for a dense subset of Z G 3- 

2. If j(Z) is in resonance for all nonzero Z G 3 then for any lattice T C N , 
T\N has density of closed geodesies. 

The proof of this result shows that the resonance condition in (1) is necessary 
in the singular case as well. 

In the following, Lee and Park completely resolve the question of the DCG 
property for any 2-step nilmanifold associated to a Lie algebra with nonsingular 
elements, i.e. an almost nonsingular Lie algebra. 

Theorem 1.16. 176] / Let be a metric 2-step nilpotent Lie algebra such that 

1. j(Z) is in resonance for a dense set of Z G 3 

2. j(Z) is nonsingular for some nonzero Z G 3 

Then for any lattice T of N , the nilmanifold Y\N has the density of closed 
geodesies property. 

The singular case DeMeyer [5] began the study of Lie algebras in which all 
j(Z) maps are singular. It is this case that we continue to consider. 

Let j : 0o — > End(Z7) be an irreducible real representation of a compact, 
semisimple Lie algebra go- Let 91 = U®go be the corresponding 2-step nilpotent 
Lie algebra as defined in Section^ Here U is equipped with an inner product 
( , ) such that j(go) Q so(U, ( , )). Note that if U is odd dimensional, then 
j(Z) has nonzero kernel for every Z G Qq. 

Let V n be the space of complex homogeneous polynomials in two variables 
of degree n. These are all of the complex irreducible representations of su(2). 
If n is even then V n = U n <E> C, where U n is a real irreducible su(2)— module of 
real dimension n + 1. The following result of DeMeyer concerns these particular 
real representations. 
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Theorem 1.17. JSjj Let N be a simply connected 2-step nilpotent Lie group 
with a left invariant metric and dimension 2k + 4 that is constructed from an 
irreducible real representation of SU(2) on a real vector space of dimension 
2k + 1, k > 2. Then for any lattice T in N, the compact manifold T\N with 
induced metric satisfies the density of closed geodesies property. 

1.5 Outline of the Proof of our Main Result 

To prove our main theorem, we rely on the method of proof used by Eberlein, 
Mast, and DeMeyer which employs a "first hit map." In our case where 91 = U © 
go is a real 2-step nilpotent Lie algebra we must consider the complex semisimple 
Lie algebra g = gg, the finite dimensional complex g— module V — U c and the 
complex 2-step nilpotent Lie algebra 9T C = V © g. Throughout we assume that 
g has a nontrivial zero weight space Vq. We find that, with few exceptions, all 
roots of g are weights of V with multiplicity greater than or equal to 2. If our 
Lie algebra satisfies this root multiplicity condition, then our first hit map Fz, 
defined for each resonant, rational vector Z £ Qo, will have maximal rank on a 
dense open subset of its domain. This will allow us to complete the proof of our 
main result. We will briefly review basic concepts related to roots and weight 
spaces of Lie algebras before proving our main result. Additional review can be 
found in later sections of this article and in cited sources. 

2 The Lie algebra W. = U g 
2.1 The Metric Lie Algebra m = U ® q 

Let go be a compact, semisimple real Lie algebra, and let U be a finite di- 
mensional real go— module. We introduce a 2-step metric nilpotent Lie algebra 
structure on 01 = [/©go, and we study its properties by considering the complex 
g— module V = U c , where g = Qq. See [8] for further details. Let ( , ) be an 
inner product on U such that the elements of go are skew symmetric on U rela- 
tive to ( , ). The bracket relations on 91 arc defined by letting go be contained 
in the center of % [U,U] C g and by requiring that ([X,Y],Z) = (Z(X),Y) 
for all X, Y G U. Although the go— invariant inner product ( , ) on U may vary, 
the isomorphism type of 01 = U © go is unchanged (Section 2.4 of [8]). 

To study 0T = C/ffigo, we consider the complex semisimple Lie algebra, g = Qq 
and the complex g— module V = U c . If f)o is a maximal abelian subalgebra of 
go, then f) = fjg is the corresponding Cartan subalgebra for g. 

Throughout this paper, let g denote a complex semisimple Lie algebra and 
ad : g — > End(g) the adjoint representation. Every semisimple Lie algebra over 
C has a Cartan subalgebra f) and all Cartan subalgebras of g lie in a single orbit 
of Aut(g). 
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2.2 Isometries of the Lie Group TV 

Let Go be any compact Lie group, and g its Lie algebra. Let VI — U © g 
be a metric, 2-step nilpotent Lie algebra as described above and let N be the 
simply connected Lie group with Lie algebra 9L Denote by I(9T) and I(N) the 
isometry groups of 71 and N respectively. The following result describes the 
action of Go on 9t = U © go- 

Theorem 2.1. [15, Theorem 3.12] Let p : Go — > Aut(U) be an irreducible 
representation of a compact Lie group Go with discrete kernel on a real, finite 
dimensional vector space U. Let 9t = U © go be a metric 2-step nilpotent Lie 
algebra constructed as above, and let N be the simply connected 2-step nilpotent 
Lie group with left invariant metric. Then for each g £ Go there is a map 
I g £ Aut(N) n L(N) such that dl g acts on 9T = U © go as an automorphism and 
an isometry by (p(g) , Ad(g)) . 

3 Roots, Chevalley Basis and Rational Struc- 
ture 

The following review of roots and Chevalley basis can be found in more depth in 
sources such as Helgason Ql] and Humphreys [12] . We include those definitions 
and results which are necessary in our further discussion of the DCG of 2-step 
nilmanifolds. 

3.1 Roots and Root Space Decomposition 

Let $ C fj* = Hom(f),C) denote the set of all nonzero roots for f) and let the 
subset A of $ be a base of f)*. Recall that this means that every root j3 can be 
written as the unique sum (3 = m a a where m a are either all nonnegative 

or all nonpositivc. The roots in A are called simple roots and if m Q > for 
all a, then (3 is called a positive root. Let A £ $ be a basis of simple roots, 
A = {ax, . . . , a r } where r = dime f) is the rank of g and of the root system $. 
Also, let B denote the Killing form of g; i.e. B(X,Y) = Tr(ad X ad Y). 

Theorem 3.1. \11[ Theorem 4-. 2] Let $ be the set of nonzero roots. Then 

1. g = f) + g Q (direct sum). 

2. dimg Q = 1 for each a £ 

3. Let a, [3 be two roots such that a + f3 ^ 0. Then Q a and Qp are orthogonal 
under B . 

4- The restriction of B to () x t) is nondegenerate. For each a £ t)* there 
exists a unique element H a £ f) such that 

B(H, H a ) = a{H) for all H £ f). 



8 



5. If a £ <£>, then —a G $ and 



[da, S 



— a 



We call the elements H a G f) root vectors. Let r< 



2H, 



a 



for a G <I> 



B(H a ,H a ) 



then /3(r Q ) G Z for all We put (A, n) = B{H X ,H^) for A, n E i)* . 

Let a € $ and (3 be any root. Then by [TTJ Theorem 4.3] [g a , Qp] = a +/3- 

Theorem 3.2. JZfl Theorem 44] Let fjg = E Qe * K ^. l%en 

1. B is real and strictly positive definite on f)R x fj R . 

& f) = f)R©if)R. 

Recall that any element a G $ determines a reflection cr Q G GL(f)*) given 
by cr a (/3) = /? - 2 ^ ,a } a. Then the Weyl group W of $ is defined to be the 



subgroup of GL(\)*) generated by the reflections a a for a G $. The following 
result gives that each root is conjugate to a simple root under action of the Weyl 
group. 

Theorem 3.3. 11 2\ Theorem 10.3. cj Let A be a base 0/$. If a is any root, 
there exists a G W such that a(a) G A. 

We reduce to irreducible roots later, so we introduce the concept here. If 
the set of nonzero roots $ cannot be partitioned into the union of 2 proper 
orthogonal subsets, then $ is called irreducible. For any irreducible set of roots, 
at most 2 root lengths occur with roots of the same length conjugate under W. 
If $ has two distinct root lengths they are described as long and short roots. In 
the case of only one root length, all roots are said to be long. Any irreducible 
root system corresponds to one of the following types of classical Lie algebras: 



A n (n > I), B n (n > 2), C n {n > 3), D n (n > 4), E 6 , E 7 , E 8 , F 4 , G 2 . These 



results are proven in [12j . 

Lie algebras of type A n , D n , Eq, Ej, and E$ have only long roots. Those 
of type B n , C n , F4, and G2 have both long and short roots. 

The following results of Humphreys allow us to reduce our consideration of 
semisimple Lie algebras to simple Lie algebras. Further discussion and proofs 
are found in Section 14.1 of 12J. 

Proposition 3.4. J 121 Proposition 14-1] Let 9 be a simple Lie algebra, \) a 
Cartan subalgebra and $ the set of roots of g relative to rj. Then $ is an 
irreducible root system. 

Corollary 3.5. \12\ Corollary 14-1] Let g be a semisimple Lie algebra with 
Cartan subalgebra f) and root system If Q = Q\ © • ■ • ®0t is the decomposition 
of q into simple ideals, then f)j = t) fl Qi is a Cartan subalgebra of Qi, and 
the corresponding (irreducible) root system $^ may be regarded canonically as a 
subsystem of $ in such a way that $ = $1 U • • • U $j is the decomposition of $ 
into its irreducible components. 



(a, a) 
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3.2 Chevalley Basis 

We define a Chevalley basis for g a complex semisimple Lie algebra with root 
space decomposition g = f) + X) Q e$0a- Fix a Cartan subalgebra t) of g. As 
above, let a 6 $ be the root vectors. Let {A Q £ g Q } be elements that 
satisfy the following. 

1. [X a ,X- a ] = T a for all a £ $. 

2. If a, (3, a + (3 £ then = c a pX a+ p where c a p = —C- aj -p. 

Definition 3.6. The set C = {r a \a £ A; Xp\j3 £ $} is a Chevalley basis of q, 
determined by (). 

Chevalley bases exist; see for example Section 25.2 of [12]. Also, it follows from 
the definition of a Chevalley basis that the structure constants {C™ } all lie in 

Z, where {Cg} are defined by [X^Xj] = ^ CgX a . 

a£<f 

3.3 Compact Chevalley Basis 

Definition 3.7. For a Chevalley basis C = {r^ja £ A; Xp\[3 £ <fr} o/g define 
Co = {«t q |q! £ A; Ap, Bp\(3 £ $} to be a compact Chevalley basis of go where 
A[3=X - X-p and Bp = i(X + X-p). 

It is known that R — span(Co) is a compact real form for g, and one may 
choose the Cartan subalgebra f) so that go = K — span(Co) ( sc e Theorem 6.3 of 
Ch. Ill of llj). If f)o = K — span{ir Q |o! £ A}, then f)o is a maximal abelian 
subalgebra of g , and f)g = \). 

Since the structure constants for a Chevalley basis are integers, it follows 
that the structure constants for a compact Chevalley basis Co of go also are 
integers. 

3.4 Chevalley rational structure 

Let B(Q, Co) be the set of bases 23 of U such that dp(Co) leaves invariant Q — 
span(S). By the set B(Q, C ) is nonempty. For £ £ B(Q,G ) let % 

— span{23 U Co}. One can show that for a suitably chosen go— invariant inner 
product on U, the structure constants of *Xt = U ©go are rational (cf. [Sj, Section 
9 Proposition). We call Ulq a Chevalley rational structure for S JX. 

Proposition 3.8. Let Z £ Q — span( Co). Then kerdp(Z) is a rational subspace 
of U with respect to the Chevalley rational structure 9Tq . 

Proof. By the discussion above there exists a basis 23 of U such that dp(Z) 
leaves invariant Q — span(23). We identify dp(Z) with its rational ijxg matrix 
Z* defined by the basis 23, where q — dim U. 

To find kerdp(Z), we consider the nullspace of the rational matrix Z*. To 
prove that ker dp(Z) has a basis of rational vectors it suffices to show that the 
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dimension of the nullspace over Q is the same as the dimension of the nullspace 
over ML 

Recall that rankgZ* is the largest integer r such that some r x r minor 
of Z* has nonzero determinant. However this is the same as rankjjZ* since 
all minor determinants of Z* are rational numbers. Therefore dimQ ker Z* = 
q — rankgZ* = q — rank«Z* = dimg ker Z* . □ □ 

3.5 The Basics of Weights 

We continue to let $ denote the set of roots of a semisimple Lie algebra g. Let 
A = {A G Hom(f),C) : (A, a) G Z V a G $} be the set of abstract weights 
associated to f) a Cartan subalgebra of g. 

Let V be a finite dimensional complex g— module. With respect to t), a fixed 
Cartan subalgebra of g, we consider the sets V\ — {v G V\Hv = \(H)v V H G 
f)}. If Va 7^ {0}, then Va is a weight space and A a weight of () on F or simply 
a weight of y. We denote this set of weights determined by V as A(V) C f)* = 
Hom((),C). 

As in [T2] we define {a, (3) — where is any symmetric bilinear 

form on f)* invariant under the Weyl group W. Note that {a, (3) is linear in the 
first variable, but not in the second. It is known that (A, a) G Z for all A G A 
and a G For a fixed base A = {a\, . . . , a n } of f), a weight A G A is called 
dominant if < (A, a;) G Z for 1 < i < n. We denote the set of all dominant 
weights by A + . We define fundamental dominant weights {lui, ...,ui n } dual to 
the base A by requiring (w,, otj) = Sij. 

Lemma 3.9. \12\ Lemma 13.2. A] Each weight is conjugate under the action of 
the Weyl group W to one and only one dominant weight. 

Let II be a subset of A. We call the set IT saturated if for all A G II and all 
a£$, A- ma is also in II for all m between zero and (A, a). A partial ordering 
of the set A exists; we say that A >- [i if A — \i is a sum of positive roots and 
A >^ fj, if A = /i or A >- fi. This leads to a natural definition of a highest weight 
of II to be that weight A G II such that A >- /x for all other /i G II. 

Lemma 3.10. \12\ Lemma 13.4-A] If A G A + . then a saturated set of weights 
having highest weight A must be finite. 

Lemma 3.11. \12\ Lemma 13.4-B] Let II be saturated with highest weight A G 
A+. ///i£A + and A h then fi G II. 

From Lemmas 13.91 and 13.111 we obtain a complete description of a saturated 
set LT C A of highest weight A. The set II consists of all dominant weights /i 
such that /i ^ A and the conjugates of /i under the Weyl group W. 

3.6 Weight Spaces 

Fix a Cartan subalgebra (} of g. Let V be a complex g— module and let A(V) C 
Hom(f), C) be the set of weights determined by () and V. Then V — V ® \_. Vx 

AeA 
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is the weight space decomposition of V. 

Lemma 3.12. [12, Lemma 20.1] Let V be an arbitrary g— module. Then g a 
maps V\ into V\+ a . 

Theorem 3.13. Let X € A + C fj*. Then there exists an irreducible finite di- 
mensional g— module V^(A), unique up to isomorphism, with highest weight X. 
The map X —> V(X) is a bijection between A + and the isomorphism classes of 
finite dimensional irreducible g— modules. 

A proof can be found in [12], p 113. 

3.7 Closed Geodesies and the Set L' 

If go is a compact semisimple Lie algebra and U is a finite dimensional real 
0o— module, then 91 = U © go admits a metric, 2-step nilpotent Lie algebra 
structure defined in 12. H Let N denote the simply connected 2-step nilpotent 
Lie group with Lie algebra 91 and left invariant metric ( , ) arising from the inner 
product ( , } on 91. The discussions in 1 1 .31 and 13.31 show that N admits a lattice 
r. To study the density of closed geodesies (DCG) on T\N we first consider the 
complex g = g^ — module V = U c , and we assume that the zero weight space 
Vq is nontrivial for a Cartan subalgebra f) of g. If Vq = {0}, then the DCG 
property is completely settled by the main result of [16] . For convenience we 
assume that () = f)g , where f)o is a maximal abelian subspace of go- 

Our method in studying the closed geodesies of T\N requires that every 
root of () be a weight of V = U c of complex multiplicity at least two. This is 
explained in Section [SJ Furthermore we may reduce to the case go simple (cf. 
Section 0. In this case g — g^ is a complex simple Lie algebra. 

Let L' be the set of dominant weights such that the associated irreducible 
g— module V(A) fails to satisfy this multiplicity condition on the roots of [j. 
Using work of pQ we determine the list L' of Table [2 first finding those highest 
weights for which not all roots are weights and then considering the multiplicity 
condition. In Section[5]we explain the relevance of the list L' to the solution of 
the DCG problem for T\N. 

3.8 Density of Resonant and Rational Vectors 

Recall from 11.31 that a rational basis for 91 = U © 0o is one for which all the 
structure constants are rational. We say a vector is rational if it lies in the 
rational span of a rational basis. In this section we now fix a rational basis 
Bue , where S € B(Q,G ). 

Proposition 3.14. Let 91 = U © go- The set of rational, resonant vectors in 
go is dense in go. 

To prove this proposition, we need the following result. We are interested 
in (2) of the theorem, which is a consequence of (1) and a result of Sansuc 
[12 Corollary 3.5 (iii)]. For S e B(Q,e ), define the subgroup G 3 ,q = {g € 
Go\p(g) leaves invariant Q — span{25}}. 
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Table 1: The list L' 



Lie algebra type 


dominant highest weight 




ai + a 2 + ■ ■ ■ + a n 
k{na.\ + (n — l)a% + ■ • • + a n ), k G N, k > 1 
ai + 2«2, 2«i + a 2 (n = 2) 
ai + 2a 2 + a 3 (n = 3) 


B n (n > 2) 


eti + a 2 + ■ ■ ■ + a n 
ai + 2a 2 ■ ■ ■ + 2a n 
a\ + 2a 2 + m 3 a 3 , m 3 > 3 (n = 3) 

2ai + 2a 2 h 2a„ (n > 2) 

ai + 2a 2 + 3a 3 + 3a4 + • • • + 3a„ (n > 3) 


C n (n > 3) 


ati + 2a 2 + 2a 3 + ■ • ■ + 2a„_i + a n 
2ai + 2a 2 + 2a 3 + ■ • • + 2a„_i + a„ 
ai + 2a 2 H + (n — l)a„-i + [f ]a„ 

,~\ | i A 7 i i r\ A 7* i 71 T 

ai + 2a 2 + • • • + 2Na 2N + ■ ■ ■ + 2Na n _ 1 + Na n 


D n (n > 4) 


a\ + 2a 2 + • • • + 2a„_ 2 + a„-i + a„ 
2ai + 2«2 + • • • + 2a n _2 + "n-i + 
ai + 2a2 + 2a 3 + «4, ai + 2«2 + a 3 + 2ay (n = 4) 


E 6 


a% + 2a 2 + 2a 3 + 3^4 + 2a 5 + a 6 


E 7 


2ai + 2a2 + 3a 3 + 4a4 + 3a5 + 2ae + aj 


E s 


2a.\ + 3a 2 + 4a 3 + 6a4 + 5«5 + 4ag + 3a? + 2ag 


Fi 


2ai + 3a 2 + 4a 3 + 2a?4 
ol\ + 2a2 + 3a 3 + 2a4 


G 2 


10L\ + Oi 2 

3ai + 2a2 
4ai + 2a2 



Theorem 3.15. [7| Section 5, Theorem A] Let p : Go — > GL(U) be as above, 
and for a basis 23 of U, let ps : Go — > GL(n,R) denote the corresponding Lie 
group homomorphism. 

1. IfH G S(Q, Co), i/ien p%(G) is an affine algebraic group defined over Q. 

<?. IfB £ B(Q, Co), iften Gs,q is dense in G in the Lie topology. 

Proof of Proposition \3A^\ Let Go be the compact, simply connected Lie group 
with Lie algebra go and let p : Gq — ► GL(U) be the real representation corre- 
sponding to dp : go End(f7). Let dp : g — > End(V) be the associated complex 
representation, where g = g^ and V = U c . 

For the finite subset A p C Hom(f),C) of weights, we write the weight space 
decomposition V = where dp{H) — /3(H) Ld on the subspace Vp for each 

H G f) and /3 G A p . By standard representation theory, dp(T a ) has eigenvalues 
A(r Q ) G Z for all a G $ and A G A p . 
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For convenience we let f a = ir a £ Co- The elements of the set {f a |a £ A} 
commute, and thus we can find a common basis of eigenvectors in U for the 
space f)Q = Q — span{T Q |a £ A}. Since dp(if a ) = dp{—T a ) and dp(r a ) has 
eigenvalues in Z, dp(f a ) has eigenvalues in iL. It follows that the elements of 
f)Q have eigenvalues in iQ and hence are resonant. Since {f Q |o; £ A} is a basis 
for (j , Q — span{f Q |o; £ A} = I)q is dense in (j . Thus t)o contains a dense set of 
rational, resonant vectors (Jq. Now we show that go contains such a dense set, 
thus proving the proposition. 

Let 0q = Ad(Gs i Q)(t)Q). We have shown that i)q is dense in f) , Gs,q 
is dense in Go, and Ad(Go)(t)o) = 0o, thus it follows that qq is dense in g . 
We show that the elements of dp(\)q) have eigenvalues in iQ and hence are 
resonant. If X £ Qq, then X — Ad(g)A for g £ Gs,q and A £ ()q. It follows 
that dp(X) = p(g)dp(A)p(g)~ 1 has the same eigenvalues in ?Q as dp{A). Since 
both rfp(f)Q) and p(Gs,q) leave Q — span(23) invariant, all elements of dp(Qq) 
leave Q — span(CB) invariant. Thus gq is a set of rational, resonant vectors dense 
in go- □ □ 

4 First Hit Map 

Let {9t = C/©go, ( , }} be a metric 2-step nilpotent Lie algebra with associated 
simply connected Lie group N, where g is an admissible semisimple compact 
real Lie algebra as defined below and U is a real go-module. We shall assume 
further that {0} = ker(go) = {u £ U\Zu = VZ G go}. Under this condition 
go = 3, the center of 01 = U © go- 

Note that U is a Go— module, where Go is the compact, simply connected 
Lie group with Lie algebra go. Let f)o be a maximal abelian subalgebra of go 
and f) = f)o be a Cartan subalgebra of g = Qq. Let 6 be a compact Chevalley 
basis of go- Let B be a basis of U such that Co leaves Q — span(23) invariant 
and let 9Tq = Q — span{23 U Co} be the Chevalley rational structure for 91. 

Let A C Hom(f), C) be the set of weights associated to the real go— module 
U as described in Section [2] From Proposition 16.211 if A £ A, then —A £ A. 
Moreover \{Z) £ iR for all Z £ f)o, A £ A since the elements of go are skew 
symmetric on U. 

4.1 Definition of the First Hit Map 

Definition 4.1. A vector Z £ f)o is super regular if \{Z) ^ for all nonzero 
A £ A and A(Z) 2 = p{Z) 2 for A, fx € A implies that p = ±A. For Z £ go we 
say that Z is super regular if there exists g £ Go such that Ad(g)Z £ f)o and 
Ad{g)Z is super regular. 

One can show that the element Ad(g) is uniquely determined and the defi- 
nition of a super regular vector Z £ go is independent of the choice of maximal 
abelian subalgebra rjo- The set of super regular vectors Z in (j is a dense open 
subset of f)o since it is the complement of a finite union of hyperplanes in (jo- 
lt follows from go = Ad(Go)(()o) that the super regular vectors in go form a 



14 



dense open subset of go- In particular, the super regular vectors in fjQ and 
qq = Ad(Gs,Q)(f)Q) are dense in ()q and qq respectively. For Z super regular, 
note that the eigenvalues {0, X(Z)\X G A} are all distinct. In the following, we 
assume that Z is super regular. We let j : go — > End([/) denote the representa- 
tion. 

Let j(t) be a geodesic in N with 7(0) = e and 7'(0) = X + aZ, where X G U, 
Z G g and / a 6 R. We consider first the case that Z G l)o and later reduce 
the general case to this one. Write U = Uo ffi U\ where Uq = ker j(Z) and U\ 
is the orthogonal complement. Then U\ = U\, where U\ is the eigenspace 

AeA 

of j(Z) 2 corresponding to -a\ = -\(Z) 2 . For each X G U, X = X + X x , 

where X t G U t for i = 0, 1 and X x = ^ x ^ x \ G ^A- Thus we have X = 

AeA 

X + *A- 

AeA 

Recall that 3 = go is the center of 9T = U © go since ker(g ) = {0}. Let 3res 
denote the set of resonant vectors in 3- For Z G 3res, we define the sets 9tz 
and 2Uz as follows: 

Viz = {X + aZ G 9T|X € U, X has a nonzero component in ker 

and ^ a G R} 
W z = span{3,kerj(Z)} = span{g , ker j(Z)} 

Remark 4.2. If Z G Q — span( Co), i/ien 233^ is a rational subalgebra with 
respect to any Chevalley rational structure on 91 &?/ Proposition \S.8\ and the fact 
that go is a rational subspace of 91 wi£/i rational basis Co • 

For any £ = X + G 91z, let 7f(i) be the geodesic in N with 75(0) = e 
and 7^(0) = £. We define the first hit map F z : 91z — > 2Dz as 

F z (£,) = log(7^(w)) where w > is the first value for which e u ^ aZ ' = Id. 

Write 7 ? (i) = exp(X(t) + Z(t)), where X(t) G E7 and Z(t) G g . Eberlein [6] 
has shown that the geodesic equations for 7^ (t) are given by 

X{t) = tX + (e tj< - aZ 1 -Id)(j(aZ)- 1 X 1 ) 
Z(t) = tZ x {t)+Z 2 {t) 
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where 



Z2{t) 



Z x {t) 



aZ + l[X , (e 1 ^ + Id^iaZ^Xi] + \ £ \j{aZ)- l X x , X x ] 

AeA 

[Xo^Id-e^^jiaZ^X^ + ^^jiaZy'XtJiaZ)- 1 . 
-\ E (-^)([e t ^ Z) j(aZ)X x ,e^j(aZ)-'X,}-[ t 



— \ of, -a> / 




[ e f 3 ( a z) ljie(J K) 1(i]) 



+ ^ E (^4^) ([j(a2)^,i(^ _l ^]-[^,^]) 



— V or, — ax 1 



Here j(aZ) 1 denotes the inverse of j(aZ) on [/q 1 = C/i = J7a- 



Thus 



aga 

j^aZ) -1 = ^j(Z)~ 1 . It follows from the geodesic equations that Fz(£) G 233z 
since = cuX G t/o and Z(u>) G go- 

4.2 Properties of the First Hit Map 

The proofs of the next two results parallel Lemmas 14 and 15 of [5] and the 
proofs. We omit the details. 

Lemma 4.3. Let a be any nonzero real number and Z any nonzero element of 
'ires. Then, 

1. m z =m aZ and<W z =W aZ , 

2. F z = F aZ , and 

3. F z (at) = F z (£) for all £ G s Jt z . 

Recall from Theorem 12.11 that for each g G Go, there exists a map I g G 
Aut(iV) n I(N) such that dl g acts on 01 = U © go a s an automorphism and 
an isometry by (p(g) , Ad(g)) . The induced map dl g : 01 — > 01 preserves the 
center 3 since it is an automorphism and preserves the orthogonal complement 
3 1 " since it is an isometry. 

Lemma 4.4. Let g be any element of Go- Then F^MZ — dL g o F z o {dig) 
for all nonzero Z G 3res- 

These two results allow us to reduce the question of maximal rank of the 
first hit map for Z G go to Z G f)o by the following corollary and the fact that 



Corollary 4.5. Let Z G go be resonant. Then F z : s Xl z — > W z has maximal 
rank if and only if F^^z '■ ^Ad(g)z ~* ^Ad(g)z nas maximal rank for any 
g G G . 



Ad(Go)O)o) =flo- 
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4.3 The First Hit Map for 91 = U © g 

Let Z be a nonzero element of 3res- For <Xt = U © g an d £ = X + qZ G 01^, 
we show 

F z (0 = ^{Xo + aZ+^Xo^iZ^X^ + -L V^Z)" 1 *^]}. (1) 

AeA 

We calculate X(lj) and Z(oj) recalling that u> is chosen so that e^^ aZ ^ = Id. 
Thus the terms are greatly simplified as follows. 

X(u) = luX + (e^^ - Jd)0'(a^) _1 ^i) 

= w^o 
Z(w) = wZi(w) + Z 2 (w) 

where 

Zi(w) - aZ+i[Xo,(e^ aZ )+/rf)j(aZ)- 1 X 1 ] + i^b'W 1 ^A,^A] 

AeA 



- aZ + [XoJiaZ)-^!] + {aZ)~ l X x ,X x ] 

AeA 

= aZ+-[X ,j{Z)- 1 X 1 ] + -L V^Z)" 1 ^,**] 

AeA 

Z 2 ( W ) = [X , (Jd-e^ aZ ))j(aZ)- 2 Xi] + ^[e-^jXaZJ-^i.iCaZ)- 1 ^] 
A^eA V ^ a A/ 



\ E (^^2)(b'(«^A,j(aZ)-%]-[X A ,X M ]) 



> "A 



^\j(aZ)- 1 X 1 ,j(aZ)- 1 X 1 ] 

-\ E f^-^)([?(«^A,j(a^)-%]-[^A,^]) 

+ ^ E f72^)([?'(«^A,j(«^)"%]-[^A,^]) 



A^eA 

by properties of the bracket. 



This gives 

X{u) = ojX 

Z(u) = 



Lz + ^Xojizy'x,} + i- YMW^XxM ) 

V 1 ' AeA / 
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Thus since Fz(£) = X{uS) + Z(u>) by the definition of the first hit map, equation 
fl} is verified. 

4.4 Maximal Rank of the First Hit Map 

In the terminology of 13. 4( we recall that fjQ = Q — span{fo, : a E A} and 
0q = Ad(Gs i Q)(t)Q). In 13.41 we showed that cjq consists of resonant, rational 
vectors and that f)Q and cjq are dense in f)o and go respectively. Let gQ,s denote 
the super regular vectors in qq. Recall that qq^s is dense in cjq and hence dense 
in go by the discussion in 14.11 We will show that Fz has maximal rank on a 
dense open subset of Ot^ for every Z E Qq,s- By Corollary 14.51 it suffices to 
consider Z E {jq C f) super regular. 

For Ze I)q super regular, let £ = A + £ 9t z ■ By the definition of 01^ , 

and X = X a + V" X A , where ^ X E J7 and X A E C/ A for every 
AeA 

AeA. Recall that $ C A by hypothesis. For (3 E we consider the maps 
,4/3,^/5 : U -> Up, where A p = X (i - X-p and Bp = iX (i + iX-p (c.f. [33)1 . 
Note that ker(^4 ( g) = ker(i? ( g) by Proposition 5.6 of [5]. 
Let 

9T| = {X + aZ E 9tz|A £ ker(A /3 ) and $ span{A ( g(A ), ^(Xq)} 
for all P E 

It is evident that W z is a dense open subset of "Viz ■ 

For Z E gQ t s we define < ^l* z as follows. Since Z is super regular, there exists 
a unique g E Gs,q such that Ad(<?)Z E f)Q. Now define 

^ = UE9T z |d/ 5 (OEDT^ (g)z }, 

where ^T^gjz ^ s defined as above. In particular, 91^ is again a dense open 
subset of *Rz- 

Remark 4.6. If X + aZ E yi* z , then from Propositions 5.7 and 5.9 of JSjjj, we 
obtain the following results: 

1. ad(Xo) : Up — > Qo(f3) is surjective 

2. ker ad(X ) ker ad(Xp) for every E <& 

Proposition 4.7. Lei Z E t)Q 6e super regular. Then Fz : — * 2Uz ft^s 
maximal rank at every point of 01^ . 

The next corollary follows directly from Corollary 14.51 Proposition 14.71 and 
the definition of qq. 

Corollary 4.8. Let Z E g<Q be super regular. Then Fz : Vtz ~ * has 

maximal rank at every point of 91^ . 
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Proof of Proposition \4-7\ Let £ = X + aZ £ 9t^, where Z £ [)q is super regular, 

and write X = X + X x = X + V" X A £ C/. Let £(s) = i/(s) + X + aZ, where 

AeA 

v(s) = su\ is of two possible types: 

1. i>(s) — suo, uo £ ker j(Z) or 

2. i/(s) = sup, up eU/3, ^ [3 £ <f> C A. 

We will use the notation Fz(£,(s)) — Fz(uq(s)) in the first case and Fz(£,(s)) = 



Fz(up(s)) in the second. Note that cLFz{uq) 



ds 



Fz(u (s)) and dF z {up) 



d_ 

ds 



Fz{up(s)). 



Proposition 4.9. The derivative of the first hit map at £ = X + aZ in the 

above cases is 

1. dF z (u ) =lo(u + -{u^jiZ^X 



2. dFziup) = - ([XoJiZ)- 1 ^} + [j{Z)- l up,Xp]) 
Proof. In the first case we have 



Fz(u (s)) = uj(su + X + aZ +-[su + X a ,j(Z) 1 X 1 ] 

a 



AeA 



Differentiating with respect to s, 



dF z (u o) = - 



Fz(u (s)) 



s=0 



1 



w [u + -[u ,j(Z) X 1 
a 



In the second case we have 



F z (up(s)) = cj(X + aZ+-[X ,j(Z)- 1 (sup + X 1 )} + ^-y2[j(Z)- 1 X x ,X x } 

a la f— -! 



+^{j(Zr 1 (sup + Xp), (sup +Xp)]). 
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Thus 

d 
ds 



F z (up(s)) = to (Ux Q ,j{Z)- x u p ] + ±- ([f(2)-^,^+^] + \j{Z)- x {sup+Xp),up\) 



dF z {up) 



d 
ds 



- ([Xojiz)- 1 ^} + Imzy^Xp] + [jizy'x^up]) 

LO 

a 



- ([XoJiZ)- 1 ^] + [jiZy'u^Xfj]) by LemmaOni 

□ □ 
Lemma 4.10. For any Z g Qq and any up,Xp G Up 

\j{Z)- l up,Xp] = [jiZ^X^up]. 



Proof. If (3 S $ C A we know by Corollary |OH that [Up, Up] = R — spa,n{Hp}, 
where Hp denotes the weight vector in f) determined by (3. Since j(Z)^ 1 Xp, 
j(Z)~ 1 up, Xp, up are all in Up by [5J Proposition 4.3], both brackets lie in 
M— spa,n{Hp} = (Hp). It suffices to show that [j(Z)~ 1 up, Xp] — [j(Z)~ 1 Xp,up] 
have the same inner product with Hp. 

(\j(Z)- l up,Xp],H ) = (j{Hp)j{Z)- l up,Xp) 

= UiZy^iHp^p, Xp) since Z, Hp e f)o 

= -mp^up^iz^xp) 

= (up,j{H p )j{Z)- l Xp) 
= (j{Hp)j{Z)- l Xp,up) 
= ([m^Xp^Hp) 

Thus U/3 ] = [jiZy^Xp] for all G $ C A. 



□ 



□ 



We now complete the proof of Proposition ^. 71 For the 2 cases for £(s), using 
the commutation relations of Section [21 we find: 



dF z {uo) 



U! \Uq + 



-[u ,j{Z)- 1 X 1 ] \ e ker © ]T floO 9 ) 



dF z («/9) = - ([Xo.iCZ)"^] + [7(^) _1 tt/j, JT/j]) e floGS) © <#/j) 

By hypothesis, dime Vp > 2 and hence dimR Up > 4 for all /3 6 $ C 
A by (4) of Proposition 16.221 Additionally, dim go (0) = 2 by Proposition 
16.241 By Remark 14.61 of Section 14.41 there exists an element up G Up such 
that ad(Ar )(j(Z)- 1 -it )3 ) = and &d(Xp)(j(Z)~ 1 up) ^ 0. Hence dF z {up) = 
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— [j(Z) 1 up,Xp\ is a nonzero element of (Hp) and since (Hp) is 1-dimensional, 
it follows that (Hp) C Im(dFz). Since this is true for each (3 £ A, we find that 

Now let £ be arbitrary. Since (-ff/3) C Im(<iFz) it follows from the 
expression for dF z (up) that ^[X 0l j(Z)~ 1 up] 6 Im(dF z ). Hence Im(dF z ) D 
adXo(^/3) = 0o(/?) for /? <E A by (1) of Remark EH Therefore g = t)o © 

Vflo(/3) C Im(dF z ). In particular, -[u , ](Z)- 1 X 1 ] E V flo(/3) C Im(dF z ) 

Z — / a £ — < 

Pea peA 
for all uo S £/o and Xi G f/i. Then from the expression for dFz(u$) we see that 
Mo 6 Im(dFz) for all uo G IV Note that t/o = ker j(aZ) = ker j(Z) since Z is 
super regular. Thus 2Uz = span{kcr j(aZ), 3} = 

span{[/ jflo} S lm(dFz) allowing us to conclude that the first hit map has 
maximal rank at every point of D1^. □ □ 

5 Main Result 

5.1 Admissible g — modules 

We consider the metric 2-step nilpotent Lie algebra {^Tt = U © Qq, ( , )} where 
go is a compact real semisimple Lie algebra and U is a finite dimensional 
go— module. In Section [2] we described the root space decomposition of go using 
the corresponding complex Lie algebra g — jJq, finite dimensional g— module 
V = U c and the weight space decomposition of U. Recall that for the first hit 
map to have maximal rank, the roots of g must be weights of the g— module V 
of complex multiplicity at least two. The list of highest weights A such that this 
condition does not hold for V(X) is L' . We found this list by reducing to the 
case g simple and V irreducible. We now explain this reduction and use the list 
L' to define an admissible go— module U for our main result. 

For any compact real semisimple Lie algebra go, we write go as a direct sum 
of simple ideals, go — gi © • • ■ ©g m . If U is a finite dimensional go— module, then 
we consider U as a direct sum of irreducible g^— modules, U = U^i®- ■ -®Ui^ ni for 
each i = 1, . . . , m. For each simple ideal g^ and each irreducible real submodule 
Uij we find an associated highest weight Xij as described below. 

Definition 5.1. We say that U is an admissible g^-module if the family of 
highest weights {Aij}™ - ^ is not contained in L' . We define U to be an admissible 
go— module if U is an admissible gi — module for each simple ideal gi. 

Recall that ker(g ) = {0}, where ker(g ) = U\ZX = for all Z G g }. 

Admissibility and the root multiplicity condition Let $ be the set of 

roots of g = gg and A the set of weights of g— module V = U c . To use the 
commutation relations for 91 = U ® go found in 16.41 all roots of g must be 
weights of V, i.e. $CA. In addition, to prove the maximal rank of the first hit 
map, these weights that are also roots must have complex multiplicity at least 
two. We prove that if U is an admissible go— module as defined above then the 
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roots of = are weights of V — U c of multiplicity greater than or equal to 
two. 

Proposition 5.2. If U is an admissible go — module, then all roots of g = Qq 
are weights of the g— module V — U c of multiplicity at least two. 

Proof. As above, let Qo = 0i © ■ ■ ■ © g m where each gi is a simple real Lie algebra. 
Then = 0o = 0i © • • • © 0m where gf is a simple complex Lie algebra for each 
i. Let $ be the set of roots of 0. By Corollary 13. 51 <i> = $i U • • • U $ m where 3>i 
is an irreducible set of roots of gf for each i. Thus it suffices to show that the 
roots $i of gf are weights of V of multiplicity at least two for each i — 1, . . . , m. 

Considering the 0o~ module U as a direct sum of irreducible 0— modules 
for each i, U — U^x © • • ■ © Ui l7H , we let Vij = Uf, be a gf— module for each 
Then from Proposition 16.261 we have two possibilities. Either Vi.j is an 
irreducible 0~— module or Vij = Wij + J(Wij) where Wij is an irreducible 
gf — module. We consider each case separately. 

In the first case let Ajj be the highest weight of the gf— module Vij. Since 
U is an admissible 0^— module, there is at least one highest weight Xij such 
that Xi.j £ L\ for some 1 < j < n. Thus the roots of gf are weights of Vij of 
multiplicity at least two. 

In the second case, let Ajj be the highest weight of the gf— module Wij. 
Since U is an admissible 0i— module, there is a highest weight A^j such that 
Xi.j £ L' for some 1 < j < n. Thus the roots of 0^ are weights of Wij of 
multiplicity at least two. Since V^j = W^j + J(Wi_j) by properties of weight 
spaces, the roots are also weights of Vij of multiplicity at least two. 

In both cases the roots of gf are weights of Vij of multiplicity at least two 
for some j, thus the roots &i of gf are weights of V — Vi t i © • • ■ © Vi >ni of 
multiplicity at least two. Also since U is an admissible 0o— module, this is true 
for each Q{, i = 1, . . . , m. Thus the roots $ = $iU---U $ m of will be weights 
of V of multiplicity at least two. □ □ 

5.2 The Main Result 

Let 0o be a compact, semisimple Lie algebra and U an admissible 0o— module. 
We consider the context in which 01 is the metric 2-step nilpotent Lie algebra 
91 = C/ffi0o defined in l2.1l with associated simply connected Lie group N. We will 
now prove our main result, that for any admissible 0o~ module, the nilmanifold 
r\iV has the density of closed geodesies property for any lattice T associated to 
a Chevalley rational structure of = 0q ■ 

Theorem 5.3. let U be an admissible go-module for a compact semisimple Lie 
algebra 0o- Let (3 be a rational basis of 01 = U © 0o determined by a Chevalley 
basis of = 0o as in \3.3l Then T\N satisfies DCG for every lattice T in N 
determined by (3. 

Generic vectors An clement ^ = X + ZeC/©0 O = Olis said to be generic 
if X has a nonzero component in each eigenspace of j{Z) 2 , including ker j(Z). 
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Note that ker j(Z) ^ {0} for every Z G go since the weight space Uq is assumed 
to be nonzero by 13.71 and Proposition 16.221 It is not difficult to see that the 
generic vectors of 91 form a dense open subset of 91 (cf. [HI Proposition 1.19]). 

Reduction to geodesies starting at the identity The following result 
allows us to reduce our study of geodesies in N to those geodesies 7(t) G N 
such that 7(0) = e. 

Lemma 5.4. JS^ Lemma 13] Let T be a lattice in N . Suppose a dense set of 
geodesies starting at the identity of N project to closed geodesies in T\N . Then 
for a dense set of points n G N , the set of geodesies with 7(0) = n which project 
to closed geodesies in T\N are dense in the set of all geodesies starting at n. 

The m th hit map Fjp Let Z G 3res, the set of resonant vectors in 3 = 0o, 
the center of 91 = U © go- The sets 91 z and Wz remain as defined above. 

Let £ = X + aZ G 91z- Since Z is resonant, there exists a smallest value 
uj > such that e" 3 ' 02 ' = Id on U. Let 7f(t) denote the geodesic in N with 
7 C (0) = e and 7^(0) = £ G 91 = T e N. Recall from gj] that the first hit map is 
defined by F z (£) = log( 75 (cj)). 

For any integer m > 1 we define the m" 1 hit map F™ : 91^ — > 2Uz by 
F r z(Q = l°g(7.s( TOtJ )) where w > is as determined above. It follows imme- 
diately from the formula for i 7 ^ above and the derivation of this formula that 
F z(6 = mF z(0 for any £ G 91 z and m > 1. In particular Fjp(A) = mF z (A) 
for any subset A C 91z. 

By Remark 14.21 in Section 14.11 Wz is a rational subalgebra of 91 if Z G 3 is 
rational and resonant. Hence if Wz — exp(2Uz), then T n is a lattice in AT 
for a rational resonant vector Z by Proposition 11.51 By Remark 11.71 of Section 
11.21 any open ball in 91 of large enough radius intersects log(r n Wz)- 

If Z G 3 is rational, resonant and super regular, then Fz has maximal rank 
on a dense open subset 91^ of 91^ by Corollary 14.81 In particular, if A is a 
nonempty open subset of 91^, then F Z (A) contains an open subset U of Wz- 
It follows from the remark above that if m G 1> + is sufficiently large, then 
F™(A) — mFz(A) contains mU and hence a nonzero element of the lattice 

log(rnWz). 

Proof of Theorem 15.31 Let 

91' = {£ = X + Z G 91|£ ^ 0,£ is generic and Z is super regular}. It follows 
that 91' is a dense open subset of 91 since it is the intersection of the dense open 
subsets of nonzero, generic and super regular vectors. 

To prove the DCG result for T\N, first note that by Lemma I5T41 it suffices 
to consider geodesies 75 (t) G with £ G 91' C 91 = T e N. We show that for any 
open subset of 91', there exists an element f £ such that 75* (t) projects 
to a closed geodesic in T\N. To show this, it is enough to show that there exist 
cp G T, C G and u* > such that <j> ■ 7^ (t) = 75- (t + w*) for allt G K by the 
discussion following Lemma Tl. 121 
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Let be any open subset of VI', and let gq be the dense subset of g defined in 
I3.4l that consists of resonant, rational vectors of an. If Oq = {X+Z G 0|Z G qq}, 
then Oq is dense in 0. 

Now let £ = X + Z G Oq C VI'. Since Z is a resonant vector, we can 
define a first hit map Fz : Viz — > 2Uz • By Corollary 14.81 has maximal 
rank on a dense open subset of Viz since Z is a super regular element 
of 0q. The set A = n 91 z is clearly an open subset of Viz- The set A is 
nonempty since it contains £; £ is generic since it lies in C 91' and hence 
£ also lies in Viz by the definition of Viz- From the discussion above of the 
m th hit map it follows that if m G Z + is sufficiently large, then there exists a 
nonidentity lattice point (f> E TCiW such that F™ (A) = mFz (A) contains log <j>. 
Let £* = X* + aZ G A be an element such that <j> = exp(Ff 1 (£*)) = j^(moj) 
where lo > is the first value such that e u ^ aZ ^ — Id on U. By Proposition 
El it follows that tf> ■ (t) = 7e (t + raw) for all t G M. Since <p G T n W C T 
and f £ 4 = n C C 31' the proof of the theorem is complete by the 
discussion above. □ 

6 Theory of Weights 

Here we include results used earlier. 
6.1 Roots are Weights 

Let V be a finite dimensional irreducible complex q— module. We consider the 
classification of complex simple Lie algebras into types A n , B n , C n , D n , Eq, 
Ej, Eg, F4, and G%. We show that for each of these Lie algebras, almost all 
dominant weights of V are highest weights of irreducible representations for 
which all roots are weights. Those exceptional cases for which roots are not 
weights are a subset of the list L' . We mentioned the following result of [T2] 
above. 

Lemma 6.1. \1 6 A Lemma 10.4-C] Let the set of all roots $ be irreducible. Then 
at most 2 root lengths occur in and all roots of a given length are conjugate 
under the action o/W, the Weyl group. 

Thus we can divide our consideration of the complex simple Lie algebras 
into two cases: those with all roots the same length and those with two root 
lengths. The Lie algebras of type A n , D n , Eq, E?, and E% have only one root 
length, all others have both short and long roots. 

In the remainder of this paper we let cti be the simple roots with some fixed 
ordering and let u>i be the fundamental dominant weights. 

Proposition 6.2. Let V be an irreducible q— module with nontrivial zero weight 
space Vq. Let X E A(V) + be the highest weight. Then 



n 



1. X = 




Pidi for suitable positive integers pi. 
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2. If /J, G A(V), then p, = ^ rriiOn, rrii G Z. Furthermore, if // G A + (T^) ; 

i/ie integers {mi} are all positive. 

3. At least one root of g is a weight. 

Remark 6.3. The result above, especially the first and second statements, plays 
a key role in the discussion of this section. For (3) we show in Provosition \6. 61 
that in all cases each short root is a weight. In the proof of Provosition \6.2\ we 
use the following lemma. 

n 

Lemma 6.4. Let fj, G A + and suppose that fi = ^S^rriiCn for integers {rrii}. 

i=l 

Then mj, > for all k. 

Proof. Since \i G A + there exist nonnegative integers {r*i, . . . , r n } such that /i = 

n 

TjUij. Let C y denote the inverse of the Cartan matrix Cy = {a^oij). Recall 



n 



that a.i = VjCyWj (cf. [H]), which implies that uii = ^^C lk a.^. Hence p = 

j=l k=l 
n n n 

rjUjj — ^""^ TfijOLj, where m/- — ^""^ TjC lk . From a case by case consideration 

i— 1 i— 1 i— 1 

of the inverse Cartan matrices (see [T^] p 69), one can see that the elements C %k 
are always positive. Hence the integers {mi, . . . ,m n } are positive. □ □ 

Proof of Provosition \6.2\ Let A G A + (V) be the highest weight of V. Then 

n 

every weight /i G A(V) has the form p = A — Qi&i, where {qi, . . . , g„} are 
suitable nonnegative integers by |12j. 

1. Since /i = G A(V), we obtain A = ^^piC*,, where {pi, ■ ■ ■ ,p n } are 

i=l 

nonnegative integers. In fact, the integers {pi, ■ ■ ■ ,p n } are positive by 
Lemma [ 



2. By (1) and the discussion above, for any /j, G A(V) we have p = A — 

n n 

^^giai = — qi)oii, where {pi,qi} are integers. The remainder of 

i=i i=i 

(2) follows from Lemma HT41 

3. Recall that g = t) © and that V = Vb © ^ V\. Note that f)(Vo) = 

since Vq is the zero weight space. We also have g a (Vo) Q V a for all a G $ 
by Lemma [3.121 If V a — {0} for all a, then Vq is a proper g— submodule of 
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V on which g(Vb) = {0}. However, we assumed that V was irreducible, so 
therefore there must be some a G $ for which g Q (Vo) C V a ^ {0}. Thus 
the root a is also a weight. 

□ □ 
6.2 The simple Lie algebra types 

Proposition 6.5. Let V be an irreducible q— module where q is of type A n , D n , 
Eq, Ej, or Eg. Let zero be a nontrivial weight of V . Then all roots of g are 
weights of V . 

Proof. By Proposition 16. 2[ in each case we have that one root is a weight. By 
Lemma RTTl we know that all roots of the same length are conjugate and therefore 
all of the remaining roots are conjugate to a weight. Finally we use the fact that 
the set of weights is invariant under conjugation by the Weyl group to conclude 
that all roots are weights. □ □ 

Next, we consider the Lie algebras with two root lengths: B n , C n , F4, and 
G 2 . Let A = {ai, . . . , a n } be the base of simple roots of the Lie algebra of rank 
n. 

Let /ii and [i 2 denote the highest short and long roots respectively as listed 
in Tabled Where there are two root lengths, the highest short root /Uj is listed 
first. See also Section 12.2 of [T2]. The roots \i\ and ijl 2 lie in A + by Section 
13.2 of [12]. By Lemma l6~Tl "VVf^i ) is the set of all short roots and W(fi 2 ) is the 
set of all long roots. Hence $ = W(/ii) U W(/X2)- 



Table 2: Highest short and long roots 



Classical Lie algebra type 






ol\ + a 2 + ■ ■ ■ + a„ 


B n 


a\ + ct2 + • • • + a n 
ai + 2a 2 • ■ • + 2a„ 


C n 


ai + 2a 2 + 2a 3 + h 2a n _i + a n 

2ai + 2a 2 + 2a 3 H h 2a„_i + a n 


D n 


ai + 2a 2 + • • • + 2q„_ 2 + a n _i + a„ 


E 6 


ai + 2a2 + 2«3 + 3a4 + 2«5 + ae 


E 7 


2«i + 2«2 + 3a3 + 4a?4 + 3«5 + 2a^ + a 7 


Es 


2ai + 3a2 + 4«3 + 6a4 + 5«5 + 4ae + 2>aj + 2a$ 


F A 


ol\ + 2a2 + 3ct3 + 2a4 
2ai + 3a2 + 4«3 + 2a4 


G 2 


2ai + a 2 
3ai + 2a 2 



Proposition 6.6. Let /ii and [i 2 be the highest short root and the highest long 
root respectively. Let X € A + (V) be the highest weight. Then 
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1. A(V) contains the set of short roots W(/ii). 
If ^ t A*2; t/ien A(V^) contains all roots $. 

Proof. 1. It suffices to show that fi% S $ PI A(V) since both <I> and A(V) are 
invariant under W. By (3) of Proposition 16.21 there exists a £ $ fl A(V), 
and W(a) contains either \i\ or /_t 2 since $ = W(/ji) U W(/j 2 ). If Mi G 
W(a) C $ n A(V), then we are done. Note that \x 2 t Mi by inspection of 
Tabled If M2 £ W(a) C $ n A(V), then /Ji e $ n A(V) by Lemma EH] 
since A(V) is a saturated set of weights. 

2. If A y fj,%, then since M2 >z Mi it follows from Lemma 13.111 that A(V) 
contains both /ii and [i 2 . Hence A(V) contains W(/ji) UW^) = 

□ □ 

Proposition 6.7. Let V be an irreducible g— module where g is of type B n , 
Fi, and G 2 , and let zero be a nontrivial weight of V . If the highest weight is 
anything except the following 





a\ H + a n 


F 4 


OL\ + 2(^2 + 3oi3 + 2«4 


G 2 


2«i + a 2 



then all roots are weights. In each exceptional case, the short root is a weight, 
but the long root is not. 

Note that these are the highest short root in each case. We consider the case 
C n separately because there are several highest dominant weights for which not 
all roots are weights. We will return to discuss this case after dealing with the 
simpler ones. 

Recall that a weight A = miot\ + • • ■ + m n a n is a dominant weight if and 
only if (A, ai) > for each on where ((a;, ay)) is the Cartan matrix. 

Proof of Proposition \6.7\ We consider each class of Lie algebras separately. We 

n 

also use repeatedly that if A € A + (V), then A = V^mjaj, where the integers 

{mi, . . . , m„} are positive (Lemma 16.41) and (A, ctj) > 0. 

1. Lie algebras of type B n As above, the weight A = micti + - ■ ■+m n a n , mi S 
Z, rrii > for i = 1, . . . , n is a dominant weight if and only if (A, ai) > 0. 
Equivalently, A is a dominant weight if the following inequalities hold: 

m 2 < 2mi (2) 
m,_i + m,+i < 2m,i i = 2, . . . n — 1 (3) 
m„_i < m n . (4) 

Lemma 6.2.1. If m 2 > 2, then m,i > 2 for all i>2. 
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Proof. By (2) and our hypothesis, 2 + 7774 < 7772 + 777,4 < 2m3 and since 
7774 7^ 0, 777,3 > 2. Next, suppose that m, > 2 for all 2 < i < N for some 
number A*" < 77 — 1. Then by (2) 2 + 777^+2 < 777^+777^+2 < 2777^+1- Since 

7777V+2 > 0, 777JV+2 > 1- TllUS 777jV + l > 2. HenCe 777^ > 2 for 2 < i < n — 1 

and m„ > 2 by (3). □ □ 

Lemma 6.2.2. Let A = mioi + ■■■m n a n G A + (V). If mi — 1, f/ien 
either nii = 1 /or 1<*<"- or 777i>2 /or 2 < i < n. 

Proof. Suppose that rri\ = 1. By inequality (1), m 2 < 2777! = 2. Then 
7772 = 1 or 777 2 = 2. If to 2 = 1, then by (2), m 3 = 1 and by induction on 
(2), nii = 1 for 2 < i < n. If 777,2 > 2, then by Sublemma l6.2.11 m i >2 for 
all i > 2. □ □ 

This implies that if A is any dominant weight, then either A ^ /12 or 
A = /ii. Then by Proposition ^. 6l and Sublemma l6.2.21 for a highest weight 
A = 777iai + • ■ • m n a n 7^ Hi all roots are weights, proving Proposition 16. 71 
for the B n case. 

2. Lie algebras of type F4 As in the B n case, we find necessary inequalities 
for A = TOiai + ■ • • + 77740:4, mi > for all i, to be a dominant weight: 



777 2 < 2777! (1) 
777! + 777 3 < 27772 (2) 

777,4 + 27772 < 27773 (3) 

7773 < 27774 (4) 



Lemma 6.2.3. // A = m\a\ + • ■ • + 77740-4 is any dominant weight, then 
7772 > 2, 7773 > 3 and 7774 > 2. 

Proof. It follows from inequality (3) that 7773 > 2. From (2) we then see 
that 777 2 > 2 also, and hence 7773 > 3 by (3). Then it follows by (4) that 
7774 > 2. □ □ 

Lemma 6.2.4. If mi — 1, then A = /xi. 

Proof. Let mi = 1, then by (1) m 2 < 2mi = 2, implying by Sublcmma 
16.2.31 that m 2 = 2. Then by (2) 1 + 7773 < 27772 = 4, hence by Sublemma 
l6T2~3l 7773 = 3. We conclude by (3) and (4) then that 7774 = 2. Thus 
X = fii. □ □ 

Lemma 6.2.5. If mi — 2, then A >z /i2- 

Proof. Let m\ — 2. Then by (1) 7772 < 4, so 7772 = 2,3, or 4. 

(a) Let 7772 = 2. Then by (2) and l6.2.31 2 + 3 < mi +7773 < 4, an obvious 
contradiction. Thus if m\ = 2, then m 2 + 1 2. 
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(b) Let iri2 = 3. By (2) 2 + 777,3 = m i + W3 < 2m2 = 6, so 7773 < 4. By 
(3) 7714 + 6 = 7774 + 2tt72 < 27713, so 7773 > 4. Thus 777,3 = 4. By (3) 
7774 < 2, but 777,4 — 2 by (4). Hence 7774 = 2 and A = ^2. 

(c) Suppose 7772 = 4. By (3) 777,4 + 8 = 7774 + 2777,2 < 27773, so clearly 
"73 > 5. By (4) 5 < 777,3 < 2m4 gives 7774 > 3. Hence A >- fi2- 

□ □ 



This proves Proposition 16 . 71 for a Lie algebra of type F4. The sublemmas 
l6.2.4l and l6.2.5l together show that any dominant weight A has the property 
that A = /J,i or A >r /J2- Therefore by (2) of Proposition 16.61 all roots will 
be weights for any dominant weight A >: /i2- 

3. Lie algebras of type G2 The weight A = m\ct\ + 77720:2 is a dominant weight 
if and only if the following inequalities are satisfied: 

37772 < 27771 (1) 
7771 < 27772 (2) 

Note that mj > 2 by (1) since 777,2 > 1. Suppose mi = 2, then by (1) 
3m2 < 4 and by (2) 2 < 2to2 giving 7772 = 1 and A = /j,±. This is the only 
dominant weight with mi = 2. Next, suppose that mi = 3. Then by (1) 
3t772 < 6 and by (2) 3 < 2m2, giving 7772 = 2 and A = /i2- If ttii > 4, then 
7772 > 2 by (2) and it follows that A >- /J,2- We conclude then that for A 
a dominant weight, A = /ii or A >z /ia. By Proposition 16.61 the proof is 
complete. 

□ □ 

Lie Algebras of type C n 

In this case the highest short and long roots are = ot\ +2a 2 + • • - + 2o:„_i +a n 
and fi2 = 1ol\ + 2a 2 + • • ■ + 2a„_i + a n . We consider two cases for the dominant 
weight A = miQii + 7772012 + ■ ■ • + m n a n : 777,1 > 2 and mi = 1. 

Proposition 6.8. For the Lie algebra C n , if A = m\oi\ + ni2«2 + • • • + m n a n 
is a dominant weight then mi > 2, i = 2, . . . , n — 1, a77c? m n > 1. If mi > 2 
then X y fi2 and all roots are weights. 

Proof. Let A = m\a,\ + • • • + m n a n , mi 6 Z, m, > 0, for i = 1, ... ,77, be 
a dominant weight. Then (A,ai) > for all i = 1, ... ,77 if and only if the 
following inequalities hold: 



777,2 < 2mi 

777i_l + 777i + l < 2777^ 7 = 2, 

m„_ 2 + 2m„ < 2777„_i 

m„_i < 2m n . 



(1) 
(2) 
(3) 
(4) 
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Lemma 6.2.6. For a dominant weight A = m,\oi\ + • • • + m n a n , m^ > 2 for 
i = 2, . . . , n — 1. If mi = 2 /or some i = 3, . . . , n — 1, f/ien = 2 /or 
i = 2, . . . , n — 1 and m n = 1. 

Proof. Since 7^ for all i, we see by inequality (3) that 3 < to„_2 + 2m„ < 
2m„_i and therefore m n _i > 2. Then by (2) 3 < m„_3 + m n -i < 2m„_2, we 
have to„„2 > 2. Induction on (2) yields mj > 2 for i = 2, .... n — 2. 

If mj = 2 for some i = 3, . . . , n — 2, then by (2) m,_i + mj+i < 2m, = 4, but 
by the first part of the sublemma, mj_i > 2 and m^+i > 2, therefore resulting 
in the equalities m,_i = m,i + i = 2. Again we repeatedly use (2) to conclude 
that mi = 2 for i = 2, . . . , n — 1. If to„_i = 2, we first use (3) to conclude that 
= 2 and then proceed as above. 

Lastly, if mi —2 for i = 2, . . . , n — 1, then by (3), m n = 1 must hold. □ □ 

Clearly then if mi > 2 then A >: [ii bv 16.2.61 Hence A 3 $ by Proposition 
IOI □ □ 

Dominant weights of the form A = ct\ + m2«2 + • • • + m n a n 

Next we characterize those dominant highest weights A of C n such that not 
all roots are weights. By Sublemma 16.2.61 these must be weights of the form 
A = m\U\ + • • ■ + m n a n with m\ = 1 since otherwise A >z fJ-2- 

Proposition 6.9. // A = u\ + m-icti + • • • + m n a n is a dominant weight, then 
exactly one of the following must occur: 

1. nii — i for 1 < i < n — 1, m n — IL ^- if n is odd and m n = ^ if n is even. 

2. mi = i for 1 < i < 2N < n - 1, rrij = 2N for 2N < j < n - 1 and 
m n = N. 

Proof. Follows directly from Lemmas 16. Ill 16.121 and 16.131 below. □ □ 

Remark 6.10. It is easy to check that cases (1) and (2) of Proposition \675[ 
satisfy the dominant weight inequalities above. Hence by Proposition \6.8\ these 
two cases are the only examples of irreducible q— modules V(X) such that mi = 1 
and A >z (J-i but A ^ ji2- By Proposition 1 6. 61 then in these cases V{\) is an 
irreducible g— module for which not all roots are weights. 

Lemma 6.11. Let A = ct\ + ^12^2 + • ■ ■ + m n a n be a dominant weight. Then 
mk < mk+i for 1 < k < n — 2. If equality holds for some k, then — mj — 
m„_i = 2m„ for k < j < n — 1. In particular mj is even for k < j < n — 1. 

Proof. For k = 1 , . . . , n — 2 we consider the assertion 

(*fe) mk < mk+\ and if equality holds then m^ = mj = m„_i = 2m n 
for k < j < n — 1 . 

We prove that (*k) holds for I < k < n — 2 by backward induction on fc, starting 
from the case k = n — 2. 
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By inequalities (3) and (4) we have to„_2 + n^n-i 5= m n-2 + 2m n < 2m„_i, 
which shows that to„_2 < If equality holds, then by (3) and (4) again 

m n _i = 2m„, which proves (*&) for k — n ~ 2. 

Suppose now that (*/.) holds for some integer k with 2 < k < n — 2. We 
complete the proof by showing that (*k-i) holds. By (2) and (*&) we have 
rrik-i +Wfc < Wfe_i +TOfc+i < 2mfe, which implies that rrik-i < Wfe. If equality 
holds, then mj = rrik+i and by the equality case of (*&) we obtain nik-i = rrik = 
nij = m„_i = 2m„ for k — l<j<n — 1. We have proved □ □ 

Lemma 6.12. Let A = 01+01202+- • '+m n a n , and suppose that {TO2, . . . , m n _i} 
are all distinct. Then 

(a) nik = k for 2 < k < n — 1 and 

(b) 2m n — n — 1 if n is odd and 2m n = n if n is even. 

Proof. (a) For an integer k with 2 < k < n — lwc consider the assertion 

(*fe) mj = i for 2 < i < k. 

We prove by induction on k that (*&) holds for 2 < A; < n— 1. Since mi = 1 
it follows that m 2 < 2 by inequality (1), but to 2 > 2 by Sublemma 16.2.61 
Hence m 2 = 2, which proves (*&) for k = 2. Suppose that (*^) holds for 
all integers k with 2 < k < n — 2. It suffices to prove that (*fc+i) holds. 
From inequality (2) we have mk-i + m,fe+i < 2mk, which implies that 
"m-k+i < k + 1 since m^-i = k — 1 and — k by By Lemma 16.111 

and (*fc) we have to/c+i > = A; and by hypothesis ^ m^+i. We 
conclude that mik+i = k + 1, which proves (*/c+i). 

(b) By part (a) the inequalities (3) and (4) become n — 2 + 2m n <2n~2 and 
11 — 1 < 2to„. We conclude that n — 1 < 2m n < n, and since m n £ Z, this 
proves (b). 

□ □ 

Lemma 6.13. Let A = ct\ + m2«2 + ■ • • +- m n a n and suppose that {7712, . . . , mi} 
are all distinct but mi = mj+i for some integer i with 2 < i < n ~ 2. Then 

(a) Wfe = k for 2 < k < i and 

(b) i — 2N for some integer N, rrij — 2N for 2N < j < n — 1 and m n = N. 

Proof. The proof of (a) is the same as in Lemma 16.121 and (b) follows immedi- 
ately from Lemma T6. Ill □ □ 
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6.3 Dimension of Weights 

As indicated previously, the list V in Table [1] contains not only weights for 
which not all roots are weights, but also those highest weights for which the 
roots are weights of multiplicity one. Since each root is conjugate to either the 
highest short root /ii or long root /k 2 , each root has the same multiplicity as 
either [i\ or /x 2 . We now restrict our discussion to determining for which highest 
weights A the weights \x\ and \xi are of multiplicity one. 

Let g be a complex semisimple Lie algebra and let V = V(X) denote a 
finite dimensional irreducible g— module with highest weight A. Denote the 
multiplicity of a weight /j, by K\^. The multiplicity of a weight /i is by definition 
the dimension of the weight space V M in V. 

Since the highest weight A and all its conjugates have multiplicity one, an 
obvious set of dominant highest weights for which either nx or fi 2 will have 
multiplicity one, are the weights A = or A = /i 2 . Thus Table [2] is a subset of 
the list V . Next, using Theorem 16.151 we will find all other g— modules V for 
which K\ tfl = 1. 

Definition 6.14. For g simple, define a pair (A; fx) of weights in A + to be 
primitive if (A — fj,) written as the sum of simple roots has all positive integer 
coefficients. 

By pQ we will be able to reduce to the primitive case to find all weight 
spaces of dimension one. Thus the following result will be the basis of our 
determination of all dominant weights A such that K\ tfli = 1 for i = 1, 2. In the 
notation of pQ, Z + is the set of all nonnegative integers. 

Theorem 6.15 (pQ, Theorem 1.3). All primitive pairs (A; fx) such that K\ jfi = 
I, up to isomorphism of Dynkin diagrams, are exhausted by the following list: 

1. A n (n > 1): A = lu>i, pb = where a, £ Z + and 

l<i<n 

(I- e (" + !) N 

l<i<n 

2. B n (n > 2): A = lu>±, fi = a^,; where a, G Z + is even and 

l<i<7i 

a-i)= E ^+^r 

l<i<n— 1 

3. G^'- A = lu>2, fJ- — a\ui\ + a 2 W2 where a\, a 2 G Z + , and 31 — 1 = 2a! + 3a 2 
4- G 2 : A = ui, (j, = 0. 

As before we let /Ui and /j, 2 denote the highest short and long roots as de- 
termined by a base A = {ai, . . . , a n } of simple positive roots. Using the result 
above, we first find dominant weights A for which (A;/i.;) is a primitive pair 
and K\ lli = 1 for i = 1 or 2. Later we consider the case that (A; /ii) is not a 
primitive pair. 
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Determining primitive weight pairs Note that in the case of one root 
length there is no highest short root, thus we use the notation /i = /i2- We 
continue with some previous assumptions. First, recall that the zero weight 
space of V is assumed to be nontrivial. Also, we assume that the highest 
weights are always dominant weights. We only need consider those weights for 
which all roots are weights. 

By Theorem 16.151 the only Lie algebras that we need to consider when 
determining the dimension one weight spaces for primitive pairs are A n , B n , 
and G-2.. We will consider each case in terms of the highest short and long roots 
/ii and fj,2, determining all A such that (A; /Ltj) is a primitive pair and K\ ifli = 1, 
i = 1,2. 

Lemma 6.16. Let q be a Lie algebra of type A n and let V be an irreducible 
g— module with highest weight A. Let fj, = a± + • • • + a n . Then the only A G A + 
with (A; /T) a primitive pair and — 1 are A = k{na,\ + (n — l)o!2 + • ■ ■ + a n ) 
with k G Z. 

Proof. By Theorem 16. 151 K\ tll = 1 for A = lui\ and // = a,-w.j for a; G Z + 

l<i<n 

such that (I — J2^ a i) £ ( n + I n the case °f A n , the highest long root is 
/Lt = a\ + \- a n . 

We recall that the Cartan matrix gives us the relations between the simple 
roots ai and the fundamental dominant weights u>i\ i.e. a% — Y^j=i( 0i h a j) UJ j- 
Inverting the Cartan matrix describes the fundamental weights {t-Ui} in terms 
of the simple roots {ai}. See ([T2]. p 69) for a precise description. In the case 
of A n we obtain the following: 

a\ = 1lo\ — u>2 

ai = —LUi-i + 2uji — Wj+i for i = 2, . . . , n — 1 
a n — — w„_i + 2w„ 

In particular /i = Wi +w n and in this case Z — ia-i = ? — (1+n) E (n + 1)N is 
equivalent to Z G (n+l)N. Therefore -K"a,/x = 1 if A = fe(n+l)wi for k G Z. Since 
Wi = ^j(?t.q;i + (n— 1)«2 + • • • + «n), then A = k{na\ + (n — l)a2 + ■ ■ ■ + a n ) for 
k G Z belongs to the set L' of inadmissible weights because it does not satisfy 
the multiplicity condition. □ □ 

Lemma 6.17. Let q be a Lie algebra of type B n and let V be an irreducible 
g— module with highest weight A such that all roots of q are weights of V . Let 
Hi = a\ + a2 + ■ ■ ■ + a n and jj.2 = a\ + 2a2 + • • • + 2a n . Then for all primitive 
pairs (A; (j*), K\ ^ t ^ 1 for i = 1, 2. 

Proof. By Theorem 16. 15[ K\ >fl = 1 for A = Zwi and /i = aiuii for <Zj G Z+ 

l<i<n 

even and I — 1 = icij H — . We determine whether there are any 

i<i<n-i 

dominant weights A satisfying these conditions with respect to /i = /ii or fj, = ji2- 
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In the case of B n we have the following relations from the Cartan matrix: 

tt\ — 2bJ\ — U>2 

Q' t = —Ui-i + 2lu 1 - 

a„ = — ui n -\ + 2uj„ 
Note that fi\ = 

In this case for fii = J2i<i< n a i^ii o\ = \ and ai — for i — 2, . . . , n and 
therefore the do not satisfy the requirement from Theorem lG . 1 51 that all are 
even. Thus there are no dominant weights A such that = 1. Similarly we 

find that /i2 = does not satisfy the necessary conditions, so we also conclude 
that there are no dominant weights A such that K\^ 2 =1. □ □ 

Lemma 6.18. Let g be a Lie algebra of type G2 and let V be an irreducible 
q— module with highest weight A such that all roots of q are weights of V . Let 
Hi = 2a\ + Q?2 and /12 = 3ai + 2ot2- The only A G A + with (A, /ii) a primitive 
pair and K\^ t = 1 is A = fi2- For all other primitive pairs (A;/ii), ^ ^ 1 
for i = l,2.' 

Proof. The last two cases of Theorer d6.15l pertain to the G2 case. Immediately 
we can conclude that the second one is not relevant to us as we are concerned 
with the dimension of nonzero weight spaces. We consider the other case. The 
result of Theorem 16.151 says that ^ = 1 if A = Ilj 2 , [i = a\uj\ + 02^2 f° r 
ai, a 2 E Z + and 3/ — 1 = 2a\ + 3a,2- 

We consider this with respect to the relations: 

ol\ = 2wi — CJ2 
cy.2 — —3u>i + 2lo 2 

We observe that \x\ = uj\ and /12 = u>2- Thus in the [i\ case, the condition 
31 — 1 = 2a\ + 3<22 is equivalent to 31 — 1 = 2 or I = 1 and then A = L02 = /i2- 
Note that fi2 G L' already because it has a dimension one weight space. 

In the fi2 case, the condition 3/ — 1 = 2a\ + 3a2 is equivalent to 31 — 1 = 3 
or I = 4/3 which is not possible since A has integer coefficients. □ □ 

Nonprimitive weight pairs The nonprimitive case occurs when ( is a domi- 
nant weight such that the difference C — M does not contain terms for each simple 
root; i.e. £ and /1 have the same coefficient for at least one simple root. In this 
case we must examine each type of complex simple Lie algebra to find all such 
£ such that (£; /1) is a nonprimitive pair for /i, either the highest short or long 
root. Then we will determine if K^ >fl = 1 in each case. Table [3] contains all 
such C that fail the dimension requirement. The proof is contained in [4]. The 
results are based on the following proposition from [T]. 

Proposition 6.19. £7J Proposition 2.4] 



— LOi+i for i = 2, . . . , n — 2 
-1 — 2w n 
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Table 3: Nonprimitive Weight Pairs with K^ ifl = 1 



Lie algebra type 


dominant highest weight 




an + 2«2, 2ai + a 2 (n = 2) 
oti + 2ct2 + ct3 (n = 3) 


B n (n > 2) 


ai + 2a 2 + m 3 a 3 , m 3 > 3, (n = 3) 
2ai + 2a 2 • • • + 2a„ (n > 2) 
ai + 2a2 + 3a 3 + 3«4 + • • • + 3a„ (n > 3) 


D n {n > 4) 


ai + 2a 2 + 2a 3 + a 4 , ai + 2a 2 + a 3 + 2a 4 (n = 4) 


G 4 


4a?i + 2a2 



1. Let S be a subset of simple roots. Let X £ A be an element such that 
the expansion of the weight (A — /i) in terms of simple roots involves only 
elements of S. Then K\.^ = K p ix),p(ij.)- 

2. Under the assumptions of part 1, let Si, ... , Sk be all the connected com- 
ponents of the set S in the Dynkin diagram of the system of positive roots, 
and let \i = pSiiX) and m = pSiip)- Then K\ tfl = TLi<i<kK\ itfH . 

6.4 Weight Space Decomposition of a Real q — module: 
results from [8] 

We establish a weight space decomposition of the finite dimensional real Qq— module 
U using the weight space decomposition of the finite dimensional complex 
g— module V — U c . For a more thorough discussion of the material in this 
section and for proofs of all of the results, see Section 4 of [5]. 

Proposition 6.20. ' L 8, Proposition 6.1] Let f)o be a maximal abelian subalgebra 
°f So, an d ^ f) — f)o be ^ e corresponding Cartan subalgebra of g = Qq. Then 
% = f)R = {H e \)\a(H) £ R for all a e $}. 

Proposition 6.21. ' L 8, Proposition 6.2] If X e A = A(V), then -A e A and 
J(V\) = V-x, where J denotes conjugation in V induced by U . In particular, 
dimVo, = dimV-\. Moreover, J(Vq) = Vq. 

Proposition 6.22. @ Proposition 6.3] For each X e A let U\ = (Vx®VLx)nU. 
Let U Q = V Q n U. Then 

1. If H Q e l)o, then H (Ux) C U x . 

2. U x = Re(V x ) = Im(Vx) = Re(V. x ) = Im(VLx). U = Re(V ) = Im(V Q ). 

3. U^ = V x ®V-x. U^ = Vo. 
4- dim R Ux = 2 dim c V x ■ 

5. Let Aq = iA. Then 
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(a) A C Hom{\) ,R) 

(b) Let X e A and let X = iX e A . T/ien [7 A = {u 6 U\H§(u) = 
-Xo(H Q ) 2 u for 

H e f) }. 

Proposition 6.23. Proposition 6.4] Let A + fee any subset of A such that A 
is i/ie disjoint union of A + and — A + . TTien 

[/ = J7o + C^a (direct sum) 
AeA+ 

If ( , ) is any inner product on U such that the elements of go C End(U) are 
skew symmetric, then the decomposition of U above is an orthogonal direct sum 
decomposition. 

Using our root space decomposition for g = 0q , g = f) + g Q , we find the 
root space decomposition of go determined by f)o- 

Proposition 6.24. Proposition 6.5] Let go fee a compact, semisimple real 
Lie algebra, and let t)o be a maximal abelian subspace of go- Then 

So = f)o + fl °( a ) 

w/iere go(a) = (da © 0-a) H go, = 0o arlc ^ f) = f)o- ^«c/i subspace go(a) is 
2- dimensional. 

If ( , ) = — Bo, where Bo denotes the Killing form of go, then the elements 
of ad(go) are skew symmetric on go relative to ( , ). In particular, the decom- 
position above is orthogonal relative to ( , } by Proposition 16 . 231 

Proposition 6.25. £3 Proposition 6.6] Let U = Uo + /J U\ (direct sum) be 

AeA+ 

the weight space decomposition ofU. Let Qo(P) — (0/3 ©0-/3) Hgo for all (3 € $ + . 
Then Bo(p)(Ux) Q U x+ p © U X -p for all X € A, (i e $+ . 

Typically we can reduce to the case that 91 = U © go, where U is an irre- 
ducible go— module. In the next result we relate U and the complex g— module 
V = U c . 

Proposition 6.26. ]8, Proposition 8.1] Let U be a finite dimensional irreducible 
real go — module and let V = U c . Then one of the following occurs: 

1. V is an irreducible, complex g— module 

2. IfW is any irreducible, complex g— submodule ofV, then V = W ® J(W), 
where J : V — + V denotes the conjugation induced by U. Moreover 
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(a) The map given by 4>{ w ) = w + Jw is a Qq~ isomorphism 
between the real go — modules W R and U. 

(b) A(V) = A(W) U -A(W). 

(c) F M = W M 8 J(W_„) /or all p G A(V) and V Q = W ® J(W Q ). 

In case 1 of the above proposition, let W be denned to be U c , otherwise let 
it be as defined in case 2. We call W the irreducible g— module associated to 
the irreducible go— module U. 

Proposition 6.27. '8, Preposition 4-. 7] Let Qq be a compact, semisimple real 
Lie algebra, and let f) be a maximal abelian subalgebra of g . Let U be a real 
Qo — module, and let {91 = U © jjoj ( > }} be the real 2-step nilpotent Lie algebra 
defined in Section [2J[ Let V = U c , f) = f)o an ^ = flo an d ^ ^ — Horrify, C) 
be the set of weights for V determined by f). Let 

U = Uo + U\ ( direct sum ) 
AeA+ 

be the corresponding weight space decomposition of U . Then 

1. [U ,Ux] = flo(A) for all A G A 

2. [U\, U^} = g (A + a«) © flo(A - /i) for all A,/i G A 
5. [C/ o ,C/o] = {0} 

We de/^e fl (A) = {0} i/ A £ $. 

The notion of a weight vector in the real situation, 91 = U © go parallels 
that of the complex case. We let H\ G t)o be the unique vector such that 
(H, H\) = —i\(H) for all H € \)o- Then is the weight vector determined by 
A. 

Corollary 6.28. Corollary 4.8] Let 91 = 17 © fl &e as m Proposition \KF?\ 
Then 

1. [U x , U\] = K - span{i7 A } «/ A G A, 2A g $ 
5. [J7/3, 17^] = R - span{ff^} i//3e An$ 
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